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I 
Let K be a field and let L’D(K, n, ?E) denote the division ring of index n over 
its center which arises as the classical quotient ring of the integral domain 
generated over K by m generic fz x n matrices where wz 3 2. It was proved 
in [3] that C.‘D(,Q, n, m) is not a crossed product when 8 , TZ or ps I n where p is 
an odd prime and Q the field of rational numbers. In fact, more is proved in 
[3]: If UD(Q, n, HZ) is a crossed product for a finite group G, then every 
division algebra of characteristic zero and index n is also a crossed product 
for G. Schacher and Small [IO] extended Amitsur’s methods to fields of 
characteristic p > 0 and proved a noncrossed product theorem for 
UD(K, n, m), where K is an infinite field of characteristic p and (p, fz) = 1. 
In attempting to extend these results still further, one is led naturally to 
formulate the following property defined for a pair (K, G), where K is a field 
and G a finite group of order ( G i: 
DEFINITIOK. (K, G) has Property -4 if every division ring of index i G ] 
with center K is a crossed product for G. 
In this paper, we study the pairs (K, G) that have Property A, where K 
is either a global field or a completion of a global field. By a global field vve 
mean either an algebraic number field or a function field in one variable over 
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a finite field. Our results are complete when K is a global field of charac- 
teristic prime to 1 G i. Indeed, in this case (K, G) has Property A if and only if 
G is either cyclic or the direct product of cyclic groups of orders ?z and ~RZ, 
where ~z divides m and K contains a primitive nth root of unity. We do not 
obtain as nice an answer when K is a global field of characteristicp, p j i G iI 
We shotv~ for example, that (K, S,) has Property A for any global field of 
characteristic 3. Our results in the prime characteristic case are, however, 
strong enough to yield the following noncrossed product theorem: Assume 
that BZ 3 2, p is a prime and that Y and a are integers so that either Y is divisible 
by the cube of a prime or T is divisible by the square of an odd prime q! 9 not 
dividing p - 1. Then, CD(K, par, ~1) is not a crossed product when 
K = Z,(t), the rational function field over the field of p elements. 
As might be expected, our results depend heavily on the classification of 
div-ision algebras over global fields by means of Hasse invariants. We will use 
this theory freely; the reader is referred to [6, Chap. 71 for an exposition of 
this material. 
1V-e establish several conventions for notational purposes. If  K is a field 
and D a division algebra with center K and finite-dimensicnal over K, D k 
called a K-division ring. If  K is a global field and p a prime of K, we denote 
the coimpletion of K at p by KP . The index of D ~3~ K, is called the local 
index of D at p and denoted by l.i., D. The residue class field. of KP (fooi- p 
a finite prime) is denoted by &, , and char(K) denotes the characteristic of 
K. If  L is 2 finite extension of K, we denote the degree of L over K by [L : K]. 
When L is Galois over K, Gal(L/K) d enotes the Galois group of L over K. 
For L Galois over K and r a prime of L extending p, we denote by [& : KJ 
the local degree of L over K at P. The group Gal(L,jI(,) is called the local 
Galois group ofL over K at p. The term C, denotes the c$ic group of order n 
and E%* a primitive nth root of unity. 
2 
In this section, we classify the pairs (K, G) h aving Property A where K is 
a global field with char(K) < / G I. We begin with some preliminary results: 
LEMMA I. Let K be a global field and p a nonarchimedean prime of K. 
Let char(&) = p. Let L be a tamei&! ramified Gulois extension of KP tf ram@+ 
tion degree e. Then, Gal(LjK,) is abelian if and only if Kg contains a primitiz>e 
e-th root of unity. I f  Gal(L!K,) is nonqclic abelian, then Gal(L/K,) is the direct 
product of two cyclic groups, one of which has order e. 
Proof. It is shown in [I, Theorem 9, p. 652; 11, II-331 that Gal&LjKD) is 
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generated by two automorphisms u and 7 with (T of order e satisfying (among 
other relations) UT = 7~4 where 4 = 1 Kr, I. The group Gal(L/K,) is clearly 
abelian if and only if e I 4 - 1. But this is equivalent to Kp containing a 
primitive eth root of unity since p f  e. The result novv follows from Hensel’s 
lemma. 
LEMMA 2. Let K be a global Jield of characteristic p > 0 and let m be a 
natural number, p 7 m. Then, there exists a nolzarchimedian prime p of K kth 
char(&) 7 m and such that E, E Kp . 
Proof. Ifp = 0, take q to be a rational prime with q = 1 (mod m) and let 
p be any extension of q to K. Suppose that p > 0. Let s be such that ps = 1 
(mod m). Suppose that K is algebraic over ZJt). Let f(t) E Zp[t] with 
ZJt]/(f(t)) E GF(p”), the field of ps-elements. Take p to be any extension 
to K of the prime of ZD(t) determined by f(t). In either case, tin E K,, by 
Hensel’s lemma. 
In our final lemma, we drop the requirement that K be a global field. 
LEMMA 3. Let D be a cyclic K-dzkision ring of index nm where char(K) 7 nm 
and E, E K. Then, D is a crossed product for C, x C,, . 
Proof. By assumption, D is a cyclic algebra (L, cr, b). Here, (u) = 
Gal(LjK), [L : K] = nm, and D has an L-basis (1, U, , tiOs ,..., u:~-*}, where 
unm = 6 E K and U,X = U(X)U~ for x CL. Since (1~,“)~ = b, 21,“’ is a root of 
xZ - b E K[x]. Suppose that x n - b were reducible in K[x]. Since E.~ E K, 
b = cp for some c E K and for some prime 4 1 n. Let Y = rim/q. Then, 
ELM,’ E K so u,’ centralizes L. But u,? = u’(x)u,’ for all x: EL, so d is the 
identity on L. This contradicts the fact that I( = nm and so xn - b is 
irreducible in K[x]. Since Ed E K and u,*l is a root of x” - b, K(u;“‘) is 
Galois over K with Gal(K(u,“)/K s C, . Let E be the fixed field of (urn>, so 
Gal(E/K) g C, and E and K(u/) commute elementwise. Thus, E(u,‘“) is 
a subfield of D. Since U, commutes with u,~, u, commutes with all elements 
of E n K(u,“). Since K is exactly the fixed field of (u), K = E n K(u,“). 
Thus, Gal(E(u,“),/Kg C, x C,, , proving the lemma. 
We can now prove the main result of this section. 
THEOREM 4. Let K be a global jeld and let G be a jkite group with 
char(K) 7 / G (. Then, (K, G) has Property A if and only ;f  either G is cyclic or 
GrC, x C,,,wheren/mandEnEK. 
Proof. Suppose that (K, G) has Property A. By Lemma 2, there is a 
prime p of K with char(&) r j G : and 61~; E Kp . Let D be a K-division 
ring of index 1 G I having local index : G ! at p. Since (K, G) has Property A, 
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D has a maximal subfield L with L Galois over K and Gal(L/K) E G. Being 
a maximal subfield of D, L is a splitting field for D and so L must hav?e local 
index i G i at p. Thus, G is the local Galois group of L over K at p. Since 
char-(&,) 7 1 G i, Lemma 1 applies. We conclude that G is either cyclic or 
GsCn x C,, where n ] nz. Assume that G is not cyclic. Let S be the 
fin&e (empty for char(K) > 0) set of primes of K with char(K.) 1 nfrz for 
7~ E S and let p be any nonarchimedean prime of K not in S. A4s above, we see 
that G is a local Galois group over Kp . Since G is abelian, it follows from 
Lemma 1 that E, E Kp . Since this holds for all p 6 S, all but finitely many 
primes of K split completely in K(E,). By [5, Theorem 3, p. 13j, E.~ SK, 
proving the theorem in one direction. The converse is immediate from 
Lemma 3 and the famous theorem of Hasse, Brauer, and Xoether. 
3 
We have seen that the finite groups G, for which a pair (K, G) has 
Property .A when K is a global field with char(K) < i G i, have a particularly 
simple form. In particular, they are at worst two-generator abelian. In marked 
contrast, there are pairs (K, G) having Property A with K a global field where 
G is not even nilpotent (and of course, char(K) \ j G I). Before giving an 
example to illustrate this phenomenon, we prove a result that will simplify olur 
discussion. 
PROPOSITIOX 5. Let K be a globalfield of characteristicp > 0 and let G be 
a finite group. The following ~ZLO statements are equizahmt. 
(a) (K, G) has Property A. 
(b) Let u be an arbitrary finite set of primes of K. Then, there exists a 
Galois extension L of K zcith Gal(L/K) s G and such. that G is the local Galois 
group of L over K at p for each p E u. 
Proof. Assume that (a) hoIds and let u be an arbitrary finite set of primes 
of K. Let D be a K-division ring of index i G i having local index : G ! at 
even; prime in u. Since (a) holds, D has a maximal subfield L that is Galois 
over K with Gal(LiK) s G. Since L is a splitting field for D, the local degree 
of L over K at any p E u must be I G :. Thus, G is the local Galois group of L 
over K at p for each p E u. 
Conversely, assume that (b) h o Id s and let D be a K-division ring of index 
; G ]. Let u be the set of primes p of K with l.i., D f  1. The extensionL of K 
obtained by (b) for this set LI is clearly a splitting field for D. Since [L : Kj 
equals the index of D, L is a maximal subfield of D, proving that (a) holds. 
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Remark. It is, of course, easy to state and prove a version of Proposition 5 
for algebraic number fields. In view of Theorem 3, that particular exercise is 
unnecessaq. 
COROLLARY 6. Let K be a global field of characteristic p > 0 and let G 
be a$nite group such that (K, G) has Property A. Then, for ezery prime p of 
K, (Kp , G) ?aas Property A. 
Proof. Let D be a Kp-division ring of index / G i. Since (K, G) has 
Property A, there is a GaIois extension L of K with Gal(L,‘K) g G and such 
that G is the local Galois group of L over K at p. I f  p denotes the extension of 
p to L, then [Lp : KJ = ’ G I and so L, splits D. Thus, L, is a maximal 
subfield of D, as desired. 
Let K be a global field of characteristic p > 0 and let p be a prime of K. 
Let G, denote the Galois group of the maximal p-extension of K, . By 
[ll, Corollaire 1, p. II-j], G, is free pro-p. If  the rank of G, were finite, then 
Kp would have only finitely many extensions of degree p. Since we have 
infinitely many different conductors for cyclic extensions of degree p of Kp 
[4, p. 2051, we conclude that G, has infinite rank. In particular, if G is any 
finite p-group, then G occurs as a local Galois group over Kp . Given an 
arbitrayp-group G and an arbitrar?: finite set u of primes of K, the question 
of whether there exists a Galois extension L of K with Gal(LK) E G and 
such that G is the local Galois group of L over K at each prime in u does not 
seem to have been answered. We remark that such a “Grunwald-Wang” 
property is proved in [S] in the characteristic zero case. We do not know 
whether the results of [S] hold in characteristic p > 0. However, for G an 
abelian p-group, an affirmative answer to the above question can be obtained 
easily from the strong form of the Grunwald-Wang theorem. For, let G be 
any abelian p-group and let ~1 be a finite set of primes of the global field K 
where char(K) = p > 0. As noted above, G occurs as a local Galois group 
over K+, for each p E u. Let L, be Galois over Kp with Galois group G and let 
GrH,x ... x El,, where Hi is cyclic. Then, L, is the composite of fields 
Eip 3 i = I,..., r, with Gal(E,,/K,) g Hi. By the strong form of the 
Grunwald-Wang theorem [5, Theorem 5, p. 1031 there exists a Galois 
extension Fi of K with Gal(I;,,‘K) G Hi and Fip = Ei, for all p E LL. The 
composite F = Fl ... F,. is the desired field. This proves: 
THEOREM 7. Let K be a global field sf characteristic p > 0 and let G be 
any finite abelian p-group. Then, (K, G) has Property A. 
Of course, if the results of [8] held in characteristic p > 0, we would 
conclude that for any p-group G and K a global field with char(K) = p we 
have (K, G) satisfies Property A. 
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We next give examples to illustrate that (9, G) can have Property A with K 
a global field, but G not nilpotent, or having nonabelian Sylo~v subgroups. The 
next example shows G need not be nilpotent. 
EXAMPLE 1. Let K be a global field of characteristic 3. Then, (K, Saj has 
Property A.. 
We verify (b) of Proposition 5. Let u be a finite set of primes of K and 
choose Z~ a uniformizing parameter for K, for each p E: u with rp f  K, i.e., 
zp generates the maximal ideal of the ring of integers of K, . Let f+,(~j = 
:d3 - ri?.y 1. rp . By Eisenstein’s criterion, f&x) is irreducible in KJx]. 
Since K has characteristic 3, the discriminant ofJ’u(,v) is riip3, which is not a 
square in K, . Thus, the Galois group of each f,(.~) is S, . Let L, be the 
splitting field offp(;yj over K, so that Gal(L,/K,j g S, . By the approximation 
theorem [12, Theorems l-3, p. 81 and Krasner’s lemma fl2, Exercese 3-2, 
p. i 16] there exists b E I< such that if E is the splitting fieid over K ofS(xj = 
9 - b.r + b! then E, = L, for all p E u. This proves that GaI(L:K) E S, 
and sho\x<s that (K: S,) has Property A. 
EXAMPLE 2. Let K be a global field of characteristic 2. Then, (K? Da) 
has Property A, where D, denotes the dihedral group of order 8. 
as above, we verify (b) of Proposition 5. Let u be a &rite set of primes of K. 
As noted above, Da is a local Galois group over I$ for each p E u. Let 
L p 3 K, with Gal(L,/K,) G D, . Since D, has a non-normal subgroup of 
order 2, there is a subfield F, of L, kth [F, : Kp] = 4, F,, not Galois over 
Kq , Ler j,(x) = 2 + ff& - a,px2 y  fz3$ * aaj, be the minimal poly- 
nomiai satisfied by a primitive element for P, . The splitting field for j,,(~j 
is cleariy L, and so the Galois group of j&~j is D, . Since K has charac- 
teristic 2, the resolvent cubic g&m) off&x) is given bp gp(xj = ~a + nzp.9 + 
n+?.pd + a&&l T ’ u& [i’, Exercise 5, p. 941. Since Gal(Ln~K,J E D, , 
the usual proof (which works at characteristic 2j shones that g,(x) = 
(X - +,)(~a $ b,x + cp), where -9 - b,s + cp is irreducible in KJx]. 
Choose .n, b, and c E K so that a (respectively, b and c) is “close” to a, 
(respectively, b, and c3) for all p E u and so that c f  ub. This guarantees that 
*x2 L 6x 2 t‘ is’ irreducible in K[x]. We will determine I E R[x]~ .f(~~j = 
xTB i ayx3 2 n$ I a3z + n, so that the resolvent cubic of f(x) is g(.~) = 
(X - a)(~” + bs + c) and so that n, is close to zip fo: all p E il. Ke have 
g(x) = x3 - (b L a)x? + (c 2 ab)x + ac. Set a, = b T a. Then, n, is close 
to azl; for all 7 5 u since b, + q, = a,, and b and a are close, respective!y, 
to b, and n, . Take a, f  0 with a3 close to ua4 for all p E n. Set a, = c + nbja,. 
Then, a, is close to a,, for all p E u and a, + 0 since c + ab. Finaily, take 
a4 so that nta, L n3a = UC. This forces n, to be close to u$~ for all p E II. 
By Krasner’s lemma, if E is the splitting field over K off(~), then I?? = L2 
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for all p E U. Thus, Ds is isomorphic to a subgroup of Gal(E/K). I f  
Gal(E/K) C$ D, , then Gal(E/K) g S, . Let V be the Klein 4-group inside of 
S, . The usual proof shows that the fixed field of T7 is the splitting field of 
g(iv). This splitting field would then have degree 6 over K. But g(z) = 
(X + a)($ + bx + c) and so Gal(E/K) g D, . This shows that (K, Da) has 
Property A. 
In the light of Examples 1 and 2, we pose some questions. 
Qzution 1. If  K is an infinite field with char(K) = 3 and m 3 2, is 
UD(K, 6, m) a crossed product for S, ? 
Question 2. If  K is an infinite field with char(K) = 2 and nz > 2, is 
UD(K, 8, m) a crossed product for D, ? 
If the results of [8] held in characteristic p > 0, it would lend credence to 
the next question, which we pose in any case. 
Question 3. If  K is an infinite field with char(K) = p > 0 and vz > 2, is 
LTD(K, p”, m) a crossed product for every group of order pn ? 
We next obtain some necessary conditions that a group G must satisfy 
in order for (K, G) to have Property A with K a global field. We begin by 
showing that Property A is well behaved for homomorphic images. 
PROPOSITIOK 8. Let K be a global field of clzaracteristic p > 0 and let G 
be a Jinite group. Let H be a homomorphic image of G azzd let p be a prime of K. 
Then, 
(1) if (K, G) has Property A, so also does (K, H); 
(2) ;f(Kp , G) has Property A, so also does (Kp , H). 
Proof. Assume that (K, G) has Property A and let pr ,..., pr be a finite set 
of primes of K. By Proposition 5, there is a Galois extension L of K with 
Gal(LjK) E G and such that G is the local Galois group of L over K at pi, 
i = l,..., Y. Let _V ==ZJ G with G/N z H and let E be the fixed field of X. 
Then, E is Galois over K with Gal(E/K) g H and clearly, H is the local 
Galois group of E over K at pi , i = l,..., Y. This proves (1). The proof of (2) 
is almost identical. 
Next, we prove a local result. 
LEMMA 9. Let K be aglobaljeld of characteristic p > 0, let p be a prime of 
K, and let G be a group of order p%z, ( p, m) = 1. Assume that enA E Kp and that 
(Kp , G) has Property A. TJzen, G has a normal Sylow p-subgroup with factor 
group either cyclic or two-generator abelian. 
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Proof. Let P be the maximal normalp-subgroup of G and let H = G/P. 
By (2) of Proposition 8 (Kp , H) has Property A. Let L be a Galois extension 
of Kp with Gal&/K,) z H. Since H has no normal p-subgroups, L is a 
tamely ramified extension of Kp [12, Propositions 3-6-4, 3-6-5, p. 1001. By 
Lemma 1, H is abelian on one or two generators. Since H has no normal 
p-subgroups, H I = m and so P is a Sylowp-subgroup of G. This completes 
the proof. 
We can nom prove the main result of this section. 
THEOREM 10. Let K be a global field of characteristic p > 0 and suppose 
that (K, G) has Property A. Then, G has a normal SJ~OZ~ p-subgroup ecith 
factor grou.. either cyclic or isomorphic to C, x C, , shere n j m and 6% E K. 
Proof. Let i G j = pnr, (p, r) = 1. Take p as in Lemma 2 so that Ed E K+, . 
By Corollary 6, (KP , G) has Property A. By the preceding lemma, G has a 
normal Sylow p-subgroup P with factor group either cyclic or isomorphic to 
G x cm 3 where n i m. By Proposition 8, (K, G/P) has Property 4. Since 
p T j GjP j, Theorem 4 applies and completes the proof. We remark that since 
the hypotheses of Theorem 10 force G to be solvable, the quotient group 
G/P actually resides in G as a complement. Thus, G can be expressed in a 
natural way as a semidirect product. 
4 
Let K be an infinite field and let XI ,..., X,, , in 3 2, be n x n matrices 
whose entries form a set of nzn2 commuting indeterminates over a suitable 
universal domain containing K. Let K[n; X, )..., X,] be the algebra generated 
over K by the Xi , i = l,..., m. K[n; XI ,..., X,] has a classical quotient ring, 
denoted UD(K, n, m), that is an +dimensional division algebra over its 
center [9, Theorem 1.3, p. 631. Our goal is to prove a noncrossed product 
theorem in the case when char(K) I n. Re begin with the following result, 
which is of independent interest. 
THEOREM 11. Supp ose that (r, s) = 1 and let K be a fzeld foT wlzich there 
e.xists a K-division ring of index s. Assume that .YD(K, rs, fri) has a subfield E 
that is a Galois extension of degree P of the center Z of UDjK, IS, m). Then, 
L?D(K, I', m) is a crossed product for Gal(E/Z). 
Proof. Let F denote the center of L;D(K, Y, m) and let D be a K-division 
ring of index s. By [9, Theorem 6.3, p. 951, F CF, , where FI is a purely 
transcendentai extension of K. Since D OK FI is a division ring, so also is 
D &F. Since (Y, s) = 1: D, = UD(K, T, m) gjF (D ,BKFj is a division 
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algebra of index rs. The argument in [3, pp, 418-419] applied to the above 
situation proves that if T’ is a field containing K, then any F-division ring 
of index rs has a subfield which is Galois over F’ with Galois group isomorphic 
to Gal(E;‘Z). In particular, there is a subfield L of DI with L Galois over F, 
[L : FJ = Y and Gal(L/F) z Gal(E/Z). S ince [L : F] = r and L is a subfield of 
D, , DI OF L has index s. But D, OF L s (L’D(K, r, m) l&-L) C& (D &L). 
Since D has index s and (r, s) = 1, we conclude that L’D(K, r, m) OF L is 
similar to L. Thus, L is a maximal subfield of CD(K, T, m), proving the 
theorem. 
We are now in a position to prove our first noncrossed product theorem. 
THEOREM 12. Let K be azz injnite jield of clzaracteristic p > 0 and let r 
be an integw which is prime to p bzlt is dkisible by a cube of a prime. Then for 
any a > 0, ??z 3 2, iYD(K, pa.r: m) is not a crossed product. 
Proof. Suppose that UD(K, pOr, m) is a crossed product for a finite group 
G. Since I;rD(E, par, m) is also a crossed product for G for any field E r) K, 
we may assume that K 3 ZJt), t transcendental over Z, . By the argument of 
[lo, p. 1031 we may assume that K is a finite extension of Zp(t)p , where for 
p, we may choose an; prime of Z,(t). Choose p as in Lemma 2 so that ci. E K. 
By [3, p. 4181, (K, G) has Property A. By Lemma 9, G has a normal Sylow 
p-subgroup P with factor group H of order r, where H i; either cyclic or 
2-generator abelian. Let L be a maximal subfield of CD(K, par, m) that is 
Galois over Z, the center of CD(K, p?, HZ), with Gal(L/Z) g G. Let E be the 
fixed field of P, so that E is Galois over Z with Gal(E/Z) g H. Since K is a 
local field, there exist K-division rings of index pa and so the preceding 
theorem applies to show that CD(K, T, nz) is a crossed product for H. This 
contradicts [ 10, Theorem 21 and proves the theorem. 
COROLLARY 13. Let K be a global Jield of characteristic p 3 0 and let r 
be an integer not divisible by p but divisible by the square of an odd prime q with 
l n $ K. Let a 2 0, m 3 2. Then, for p = 0, UD(K, r, wz) is not a crossed 
prodzlct, Ehile for p > 0, UD(K, par, nz) is not a crossed product. 
Proof. The proof of the preceding theorem shows that if p > 0 and 
L:D(K,p?, m) is a crossed product, then C’D(K, r, m) is also a crossed 
product. By [lo, p. 1031 if LvD(K, ?, vz IS a crossed product for G, then G ) . 
must be the direct product of cyclic groups of prime order. Now, Theorem 4 
appiies to give a contradiction. 
As an immediate coroliary, we have for the rational function field Z,(t): 
COROLLARY 14. L7D(Z,(t),par, m) is rzot a crossed product for arzy a > 0, 
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m >, 2, procided (p, P) = 1 and Y is divisible either by the cube qf a prime OF by 
the square of an odd prime not dividing p - 1. 
We note that the special case a = 0 in Corollaries 13 and 14 is proved in [2]. 
The arguments of [2] assume that the characteristic does not divide the 
exponent and so our results are not duplicated when a > 0. Many of our 
characteristic zero results are duplicated in [2]. We note, as in &I], that 
Corollary 13 remains valid if K is a finite field with E~ F$ K. 
,Vote Added in Proof. The authors have shown that the hypothesis that there 
exists a K-division ring of index s is unnecessary in the statement of Theorem 11. 
In a forthcoming paper, “Galois groups of global fields of finite characteristic,” 
Professor Jack Sonn proves that the necessary conditions for (IS, G) to have Property X 
given in Theorem 10 are also sufficient. This completes the determination of all 
groups G such that (K, Gj has property A with K a global field. 
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